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We study the twist periodic solutions of second order singular differential equations.
Such twist periodic solutions are stable in the sense of Lyapunov and present much
interesting dynamical features around them. The proof is based on the third-order
approximation method. The estimates of periodic solutions of Ermakov–Pinney equations
and the estimates on rotation numbers of Hill equations play an important role in the
analysis.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
The study of Lyapunov stability of periodic solutions is important in the theory of ordinary differential equations, and has
attracted many researchers during the past few decades [2,8,13]. However it is diﬃcult to study the stability for conservative
systems, because the ﬁrst Lyapunov method cannot be applied. For the Lagrange equations, it is known that if the solution
is 4-elementary, the third-order approximation determines the Lyapunov stability of the periodic solution in most of the
cases. Although the link between the third-order approximation and the stability of solutions goes back at least to the time
of Moser, a series of papers by Ortega [9–11] were a breakthrough from the point of view of applications due to the ﬁnding
of an explicit formula for the ﬁrst coeﬃcient of the Birkhoff normal form of the Poincaré map. After these works, there have
been some important stability results for several types of Lagrangian equations [7,14,16,17,19].
In this paper, we will continue this study and focus on the applications of the third-order approximation method to the
second order singular differential equation
x′′ + a(t)x = 1
xγ
+ e(t), (1.1)
here a(t), e(t) ∈ C(R/2πZ) and γ > 0 is a parameter. When γ = 3 and e ≡ 0, (1.1) becomes the well-known Ermakov–
Pinney equation
r′′ + a(t)r = 1
r3
. (1.2)
It is known that (1.2) is not twist. In fact, when a(t) ≡ a0 > 0, (1.2) is an isochronous system [1].
Beginning with the pioneering paper of Lazer and Solimini [6], singular differential equations have attracted the attention
of many researchers [3–5,12,15]. Most results are concerned with the existence of periodic solutions, and only a few works
* Corresponding author.
E-mail addresses: jifengchu@yahoo.com.cn (J. Chu), liming@math.pku.edu.cn (M. Li).
1 Supported by the National Natural Science Foundation of China (Grant No. 10801044) and Jiangsu Natural Science Foundation (Grant No. BK2008356).
2 Supported by China Postdoctoral Science Foundation (Grant No. 20060400456).0022-247X/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2009.02.033
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proved in [16], that is, the Brillouin equation
x′′ + λ(1+ δ cos t)x = 1
x
(1.3)
has a twist 2π -periodic solution if λ > 0,0 < δ < 1 and λ, δ satisfy the inequalities
λ(1+ δ) < 1
32
, (1.4)
and
800(1+ δ)9 < 81e−16λδ(1− δ + e−4λδ)5. (1.5)
After proving the new stability results for (1.1), we will obtain one more reasonable stability condition for (1.3) in
this paper. The rest part of this paper is organized as follows. In Section 2, we recall the main ideas of the third-order
approximation. In Section 3, based on the estimates of periodic solutions of Ermakov–Pinney equations and the estimates
on rotation numbers of Hill equations, we prove one stability criteria for (2.2). In Section 4, the stability results for the
singular equation (1.1) are stated and proved.
2. Preliminaries
Consider the scalar equation
x′′ + f (t, x) = 0, (2.1)
where f : R × R → R is 2π -periodic in t and of class C0,4 in (t, x). By translating the periodic solution ψ(t) of (2.1) to the
origin, we obtain the third-order approximation
x′′ + a(t)x+ b(t)x2 + c(t)x3 + o(x3)= 0, (2.2)
where
a(t) = fx
(
t,ψ(t)
)
, b(t) = 1
2
fxx
(
t,ψ(t)
)
, c(t) = 1
6
fxxx
(
t,ψ(t)
)
.
The linearized equation of (2.2) is the Hill equation
x′′ + a(t)x = 0. (2.3)
We say (2.3) is elliptic if its multipliers λ1, λ2 satisfy λ1 = λ2, |λ1| = 1, λ1 = ±1. An elliptic equation (2.3) is 4-elementary
if its multipliers λ satisfy λq = 1 for 1 q  4. The 2π -periodic solution ψ of (2.1) is called 4-elementary if the linearized
equation is 4-elementary. When ψ(t) is elliptic and 4-elementary, the following formula for the twist coeﬃcient has been
obtained in [7,10],
β =
∫∫
[0,2π ]2
b(t)b(s)r3(t)r3(s)χθ
(∣∣ϕ(t) − ϕ(s)∣∣)dt ds − 3
8
2π∫
0
c(t)r4(t)dt, (2.4)
where the kernel χθ is
χθ (x) = 3cos(x− θ/2)
16sin(θ/2)
+ cos3(x− θ/2)
16sin(3θ/2)
, x ∈ [0, θ],
here θ = 2πρ and ρ is the rotation number of (2.3). The function r(t) in (2.4) is the unique positive 2π -periodic solution
of the Ermakov–Pinney equation (1.2) and the function ϕ(t) is given by
ϕ(t) =
t∫
0
ds
r2(s)
, t ∈ R. (2.5)
The coeﬃcient β is called the ﬁrst twist coeﬃcient of ψ . We say that ψ is of twist type if β = 0. By the Moser twist
theorem, such a twist periodic solution is stable in the sense of Lyapunov. Moreover, the Moser twist theorem asserts also
a complicated dynamics near the periodic solution such as the existence of inﬁnitely many subharmonics with minimal
periods tending to inﬁnity and the existence of inﬁnitely many quasi-periodic solutions.
Finally, in this section, we recall one result proved in [20], which gives an important relation between the existence of
positive 2π -periodic solution of (1.2) and the fundamental structure of (2.3).
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x′′ + fx
(
t,ψ(t)
)
x = 0
does not admit a nontrivial 2π -periodic solution.
Lemma 2.2. (See [20].) (1.2) has a unique positive 2π -periodic solution if and only if (2.3) is elliptic. Moreover, this solution is non-
degenerate.
3. Stability criteria of (2.2)
For a continuous 2π -periodic function f (t), we always use the notations
fmin = min
0t2π
f (t), fmax = max
0t2π
f (t), f¯ = 1
2π
2π∫
0
f (t)dt.
Lemma 3.1. (See [2].) Assume that
a  0, A1 =
2π∫
0
a(t)dt <
8
15π
. (3.1)
Then:
(i) the unique positive 2π -periodic solution r(t) of (1.2) satisﬁes
0 < a¯−1/4
(
1− S1(A1)
)
 r(t) a¯−1/4
(
1+ S1(A1)
); (3.2)
(ii) the rotation number ρ of (2.3) satisﬁes
a¯1/2/
(
1+ S1(A1)
)2  ρ  a¯1/2/(1− S1(A1))2; (3.3)
here S1(A1) is the unique positive solution of the cubic equation
(z + 1)2((2/π − A1)z − 2A1)− A1(z + 2) = 0.
Remark 3.2. As mentioned in [2], condition (3.1) guarantees that
0 < S1(A1) < 1.
Using Lemma 3.1, we can establish one new stability criteria for (2.2) when b(t) does not change sign, c(t) is nonnegative
and a  0 satisﬁes (3.1).
Theorem 3.3. Assume that (2.3) is 4-elementary and a  0 satisﬁes (3.1), b(t) does not change sign, c(t) is nonnegative. Then there
exists positive constant μ(a¯) such that the trivial solution x = 0 of (2.2) is of twist type if b(t) and c(t) satisfy
‖c‖1 < μ(a¯)‖b‖21, (3.4)
where μ(a¯) is given by (3.7) below.
Proof. We prove that β given by (2.4) is positive. In fact, since b(t) does not change sign, we have
I =
∫∫
[0,2π ]2
b(t)b(s)r3(t)r3(s)χθ
(∣∣ϕ(t) − ϕ(s)∣∣)dsdt  r6min min0xθ χθ (u)‖b‖21.
It was proved in [19] that when 0 < θ < arccos(−1/4), the kernel satisﬁes χθ (u) > 0 for all u ∈ [0, θ], and
min
u∈[0,θ]χθ (u) = χθ (0) =
5
8sin(3θ/2)
(1+ 4cos θ) cos(θ/2)
5
= χ∗(θ).
Note that when a(t) satisﬁes (3.1), one has always θ = 2πρ ∈ (0,arccos(−1/4)). Moreover, χ∗(θ) is strictly decreasing as a
function of θ ∈ (0,π/2).
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I (a¯)− 32
(
1− S1(A1)
)6
χ∗(2πρ)‖b‖21  (a¯)−
3
2
(
1− S1(A1)
)6
χ∗
(
2π(a¯)
1
2
(1− S1(A1))2
)
‖b‖21. (3.5)
On the other hand, since c(t) is nonnegative,
II = −3
8
2π∫
0
c(t)r4(t)dt −3
8
r4max‖c‖1 −
3
8
(a¯)−1
(
1+ S1(A1)
)4‖c‖1. (3.6)
From (3.5) and (3.6), one can easily see that β > 0 under the condition (3.4) if we take
μ(a¯) = 8(1− S1(2π a¯))
6
3(a¯)
1
2 (1+ S1(2π a¯))4
χ∗
(
2π(a¯)
1
2
(1− S1(2π a¯))2
)
.  (3.7)
As an application of Theorem 3.3, we consider the Lazer–Solimini equation
x′′ − 1
xα
= p(t) − s, (3.8)
with p ∈ L1(R/2πZ), p¯ = 0, and α  1. If we use the bounds of the periodic solution of (3.8) given in [16], and apply
Theorem 3.3, we can easily recover the result in [16]. Here we state it as one corollary.
Corollary 3.4. There exists s0 > 0 such that if 0 < s < s0 , (3.8) has a unique 2π -periodic solution which is of twist type.
4. Twist periodic solutions of (1.1)
Throughout this section, we always assume that e(t) 0.
Lemma 4.1. (See [5].) Assume that a(t) ∈ L1(R/2πZ) satisﬁes
a  0 and A1 < 2
π
. (4.1)
Then (1.1) has at least one positive 2π -periodic solution ψ(t).
Next we give some estimates on ψ(t) when (4.1) is satisﬁed. Since ψ(t) is a positive 2π -periodic solution of Eq. (1.1), by
integrating over one period, we have
2π∫
0
a(t)ψ(t)dt =
2π∫
0
1
ψγ (t)
dt + 2π e¯.
Since a(t)  0, we have
ψmina¯
1
ψ
γ
min
+ e¯ and ψmaxa¯ 1
ψ
γ
max
+ e¯. (4.2)
Let us consider the following function
f (z) = a¯zγ+1 − e¯zγ − 1, z 0. (4.3)
By an elementary calculation, one can easily see that f ′(z) 0 for 0 z z0, while f ′(z) 0 for z z0, here
z0 = γ e¯
(γ + 1)a¯ (4.4)
is the unique critical point of f (z).
Since f (0) = −1 < 0, the equation f (z) = 0 has a unique positive root k with
k > z0. (4.5)
Remark 4.2. Some reasonable estimates of the quantity k deﬁned above are important in our analysis. As an easy observa-
tion, we can get the lower bound k e¯/a¯. Moreover, from (4.3), we have
k ≈ 1/(a¯)1/(γ+1), when e¯  a¯.
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we assume that t0 = 0. Let ψ(t) = k(1 + v(t)). Hence v(t) ∈ H10(0,2π). Multiplying (1.1) by ψ(t) and integrating over one
period, we have
2π∫
0
ψ ′2(t)dt =
2π∫
0
a(t)ψ2(t)dt −
2π∫
0
ψ1−γ (t)dt −
2π∫
0
e(t)ψ(t)dt <
2π∫
0
a(t)ψ2(t)dt. (4.6)
Taking ψ(t) = k(1+ v(t)) into the above inequality, we have
‖v ′‖22 =
2π∫
0
v ′2(t)dt <
2π∫
0
a(t)
(
v(t) + 1)2 dt. (4.7)
Using the Sobolev inequality [18],
(2/π)‖φ‖2∞  ‖φ′‖22, for all φ ∈ H10(0,2π), (4.8)
we have
‖v‖∞  (π/2)1/2‖v ′‖2, v ∈ H10(0,2π). (4.9)
Lemma 4.3. Assume that a(t) ∈ L1(R/2πZ) and a  0. Then
Z = (π/2)1/2‖v ′‖2  S2(A1), (4.10)
where S2(A1) is given by (4.14) below.
Proof. From (4.7), by using the Hölder inequality and the Sobolev inequality (4.8), we obtain
‖v ′‖22 <
2π∫
0
a(t)
(
v(t) + 1)2 dt =
2π∫
0
a(t)
(
v2(t) + 2v(t))dt +
2π∫
0
a(t)dt  A1
∥∥v2 + 2v∥∥∞ + 2π a¯
 A1
(‖v‖2∞ + 2‖v‖∞)+ 2π a¯ A1(π‖v ′‖22/2+ √2π‖v ′‖2)+ 2π a¯. (4.11)
Inequality (4.11) is just the following quadratic inequality
(2/π − A1)Z2 − 2A1 Z − A1 < 0. (4.12)
Let
P (z) = (2/π − A1)Z2 − 2A1 Z − A1. (4.13)
Note that P (0) = −A1 < 0. When (4.1) is satisﬁed, the largest real root of P (z) = 0, denoted by S2(A1), is necessarily
positive. In fact,
S2(A1) = A1 + (2A1/π)
1/2
2/π − A1 . (4.14)
Note that (4.12) is the same as P (Z) 0. Hence we have Z  S2(A1). 
Lemma 4.3 can give the upper bound of ψ(t). If we want to obtain a reasonable lower bound on ψ(t), we need to
impose some further assumption on a(t) in order to make S2(A1) < 1. Since S2(A1) is the largest root of (4.13), one can
verify that when P (1) > 0, i.e,
A1 <
1
2π
, (4.15)
we have the conclusion S2(A1) < 1.
Lemma 4.4. Suppose that a  0 satisﬁes (4.15). Then the positive 2π -periodic solution ψ(t) of (1.2) satisﬁes
0 < k
(
1− S2(A1)
)
ψ(t) k
(
1+ S2(A1)
)
. (4.16)
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because we have
ψmax
ψmin
= 1+ O (A1).
In the following, we will use the notation Li(γ ) in order to emphasize that they are related to the index γ .
Lemma 4.6. There exists a constant 0 < L1(γ ) < 12π such that if
a  0 and A1 < L1(γ ), (4.17)
then each positive 2π -periodic solution ψ(t) of (1.1) is elliptic.
Proof. The linearization equation of (1.1) along ψ(t) is the following Hill equation
x′′ + aˆ(t)x = 0, aˆ(t) = a(t) + γ
ψγ+1(t)
. (4.18)
Obviously, ¯ˆa > a¯ > 0. Moreover, we have
‖aˆ‖1  A1 + γ
∥∥1/ψγ+1∥∥1  A1 + 2πγ
ψ
γ+1
min
.
We assume that (4.17) is satisﬁed. In this case, we have the estimates (4.16). Thus
‖aˆ‖1  A1 + 2πγ
kγ+1(1− S2(A1))γ+1 .
It is well known that, if
‖aˆ‖1  A1 + 2πγ
kγ+1(1− S2(A1))γ+1 <
2
π
, (4.19)
then (4.18) is elliptic. From Remark 4.5, we know
A1 + 2πγ
kγ+1(1− S2(A1))γ+1 = O (A1), when A1 → 0+.
Thus (4.19) is satisﬁed necessarily when A1 is small enough. 
Lemma 4.7. Suppose that (4.17) is satisﬁed. Then (1.1) has a unique positive 2π -periodic solution ψ(t).
Proof. Since we have the estimates (4.16) for all possible positive 2π -periodic solutions ψ(t) of (1.1), it is a simple matter
to obtain the uniqueness. In fact, we can restrict our discussion on Eq. (1.1) to the following region
D = {x: x S3(A1) = k(1− S2(A1))}.
If (1.1) has two different solutions ψi(t) in D , then x(t) = ψ1(t) − ψ2(t) would satisfy the differential equation
x′′ + ν(t)x = 0, (4.20)
where
ν(t) = a(t) + γ
1∫
0
1
(ψ2(t) + τ (ψ1(t) − ψ2(t)))γ+1 dτ  a(t) + γ /
(
S3(A1)
)γ+1
.
Note that ν(t) > 0 and
‖ν‖1  A1 + γ /
(
S3(A1)
)γ+1 → 0 as A1 → 0+.
By the famous result of Lyapunov [18], when ‖ν‖1 is less than 2/π , (4.20) is necessarily elliptic and it is impossible for it
to have a nontrivial 2π -periodic solution x(t) = ψ1(t) − ψ2(t) = 0. 
Similarly, we can obtain the following result.
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a  0 and A1 < L2(γ ), (4.21)
then the linearized equation x′′ + aˆ(t)x = 0 of (1.1) is 4-elementary.
The main result of this section reads as follows.
Theorem 4.9. There exists a positive constant L3(γ ) < L2(γ ) such that for each ﬁxed a(t) with
a  0, A1 < L3(γ ), (4.22)
Eq. (1.1) has a unique twist positive 2π -periodic solution if one of the following conditions is satisﬁed
(1) 0 < γ < 3 and e¯  0,
(2) γ = 3 and e¯ > 0,
(3) γ > 3 and 0 e¯  A or e¯  B for some positive constants A, B, here A is small enough and B is large enough.
Proof. The third-order approximation of (1.1) is
y′′ + aˆ(t)y + bˆ(t)y2 + cˆ(t)y3 + · · · = 0,
where
aˆ(t) = a(t) + γ
ψγ+1(t)
, bˆ(t) = − γ (γ + 1)
2ψγ+2(t)
, cˆ(t) = γ (γ + 1)(γ + 2)
6ψγ+3(t)
.
Then the twist coeﬃcient is
βˆ =
∫∫
[0,2π ]2
bˆ(t)bˆ(s)rˆ3(t)rˆ3(s)χ
θˆ
(∣∣ϕˆ(t) − ϕˆ(s)∣∣)dt ds − 3
8
2π∫
0
cˆ(t)rˆ4(t)dt
= γ
2(γ + 1)2
4
∫∫
[0,2π ]2
rˆ3(t)rˆ3(s)
ψγ+2(t)ψγ+2(s)
χ
θˆ
(∣∣ϕˆ(t) − ϕˆ(s)∣∣)dt ds − γ (γ + 1)(γ + 2)
16
2π∫
0
rˆ4(t)
ψγ+3(t)
dt,
where θˆ = 2πρˆ , ρˆ is the rotation number of
y′′ + aˆ(t)y = 0, (4.23)
rˆ(t) is the unique positive 2π -periodic solution of (1.2) with a(t) = aˆ(t), and the function ϕˆ(t) is deﬁned by
ϕˆ(t) =
t∫
0
1
rˆ2(s)
ds, t ∈ R.
We know from Lemma 2.2 that (1.2) has a unique positive solution.
As A1 → 0+ , we have the following estimates,
ψ(t) = k(1+ O (A1/21 )), uniformly in t,
¯ˆa = (a¯ + γ k−γ+1)(1+ O (A1/21 )),
Aˆ1 = O (A1),
rˆ(t) = (a¯ + γ k−γ+1)−1/4(1+ O (A1/21 )), uniformly in t,
ρˆ = (a¯ + γ k−γ+1)1/2(1+ O (A1/21 )),
θˆ = 2πρˆ = 2π(a¯ + γ k−γ+1)1/2(1+ O (A1/21 )).
Using the fact
∫∫
2
χ
θˆ
(|ϕ(t) − ϕ(s)|)
rˆ2(t)rˆ2(s)
dt ds = 5θˆ
12
, (4.24)[0,2π ]
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βˆ1 =
(
5π
24
γ 2(γ + 1)2(a¯ + γ k−γ−1)−2k−2γ−4
)(
1+ O (A1/21 )),
while the second term is
βˆ2 =
(
π
8
γ (γ + 1)(γ + 2)(a¯ + γ k−γ−1)−1k−γ−3
)(
1+ O (A1/21 )).
Then we have
βˆ∗ = βˆ1
βˆ2
= 5γ (1+ γ )
3(γ + 2)(γ + e¯kγ + 1)
(
1+ O (A1/21 )), (4.25)
as A1 → 0+ .
Now the results can be obtained from (4.25). In fact, we have three cases:
Case 1. 0 < γ < 3. In this case, because 5γ3(γ+2) < 1, then there exists L3(γ ) > 0 such that when A1  L3(γ ), we have
βˆ∗ < 1 and βˆ < 0.
Case 2. γ = 3. In this case, because 5γ3(γ+2) = 1, then there exists L3(γ ) > 0 such that when A1  L3(γ ), we have βˆ∗ < 1
and βˆ < 0, for each e(t) with e¯ > 0.
Case 3. γ > 3. In this case, because 5γ3(γ+2) > 1, we know that, for each e(t) with e¯ is small enough, βˆ
∗ > 1 and βˆ > 0.
On the other hand, if e¯ is large enough, we know from (4.25) that βˆ∗ < 1 and βˆ < 0. 
Corollary 4.10. Assume that e ≡ 0, γ > 0 and γ = 3. Then there exists a positive constant L(γ ) > 0 such that for any a ∈ L1(R/2πZ)
with a  0 and A1  L(γ ), (1.1) has a unique twist positive 2π -periodic solution.
Remark 4.11. When e ≡ 0, we regard the ﬁrst twist coeﬃcient as a function of γ , therefore we also write βˆ(γ ) or βˆ∗(γ ).
From (4.25), we have
βˆ∗(γ ) = 5γ
3(γ + 2)
(
1+ O (A1/21 )), A1 → 0+. (4.26)
It is easy to see that
dβˆ∗(γ )
dγ
= 10
3(γ + 2)2
(
1+ O (A1/21 )), A1 → 0+.
Therefore, βˆ∗(γ ) is increasing as a function of γ . This property just corresponds to Corollary 4.10.
If we apply Corollary 4.10 to the Brillouin equation (1.3), we obtain:
Corollary 4.12. Assume λ > 0 and 0 < δ < 1. Then (1.3) has a twist positive 2π -periodic solution when λ is small enough.
Remark 4.13. In Corollary 4.12, we do not impose any additional conditions on δ except for 0 < δ < 1. Therefore, in some
sense, we improve the result in [16] because it requires conditions (1.4) and (1.5).
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